We analyze the static and dynamical properties of a one-dimensional topological lattice, the fermionic SuSchrieffer-Heeger model, in the presence of on-site interactions. Based on a study of charge and spin correlation functions, we elucidate the nature of the topological edge modes, which depending on the sign of the interactions, either display particles of opposite spin on opposite edges, or a pair and a holon. This study of correlation functions also highlights the strong entanglement that exists between the opposite edges of the system. This last feature has remarkable consequences upon subjecting the system to a quench, where an instantaneous edge-to-edge signal appears in the correlation functions characterizing the edge modes. Besides, other correlation functions are shown to propagate in the bulk according to the light-cone imposed by the Lieb-Robinson bound. Our study reveals how one-dimensional lattices exhibiting entangled topological edge modes allow for a non-trivial correlation spreading, while providing an accessible platform to detect spin-charge separation using state-of-the-art experimental techniques. PACS numbers: 71.10.Fd, 03.65.Ud, 03.65.Vf, Topological phases of matter exhibit unusual quantum properties [1, 2], which are currently investigated in a wide range of physical platforms [3][4][5]. While the traditional quantum Hall effects [8][9] [10] [11] and topological insulators [6, 7] are found in two-dimensional (2D) or three-dimensional (3D) materials, special attention has been recently devoted to the study of one-dimensional (1D) systems with topological features [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . A prominent example is provided by the SuSchrieffer-Heeger (SSH) model [25] , which belongs to the class BDI of 1D chiral Hamiltonians [1], and which offers a minimal setting for the study of non-trivial topology, robust boundary states and charge fractionalization [26, 27] . The simplicity and richness of this toy-model, which was originally introduced to describe doped polyacetylene, strongly motivated its recent experimental implementation, both in ultracold bosonic gases [28, 29] and photonics [5, 30, 31] . Until now, such experiments operated in the non-interacting regime, where topological properties are thus fully understood at the single-particle level.
We analyze the static and dynamical properties of a one-dimensional topological lattice, the fermionic SuSchrieffer-Heeger model, in the presence of on-site interactions. Based on a study of charge and spin correlation functions, we elucidate the nature of the topological edge modes, which depending on the sign of the interactions, either display particles of opposite spin on opposite edges, or a pair and a holon. This study of correlation functions also highlights the strong entanglement that exists between the opposite edges of the system. This last feature has remarkable consequences upon subjecting the system to a quench, where an instantaneous edge-to-edge signal appears in the correlation functions characterizing the edge modes. Besides, other correlation functions are shown to propagate in the bulk according to the light-cone imposed by the Lieb-Robinson bound. Our study reveals how one-dimensional lattices exhibiting entangled topological edge modes allow for a non-trivial correlation spreading, while providing an accessible platform to detect spin-charge separation using state-of-the-art experimental techniques. Topological phases of matter exhibit unusual quantum properties [1, 2] , which are currently investigated in a wide range of physical platforms [3] [4] [5] . While the traditional quantum Hall effects [8] [9] [10] [11] and topological insulators [6, 7] are found in two-dimensional (2D) or three-dimensional (3D) materials, special attention has been recently devoted to the study of one-dimensional (1D) systems with topological features [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . A prominent example is provided by the SuSchrieffer-Heeger (SSH) model [25] , which belongs to the class BDI of 1D chiral Hamiltonians [1] , and which offers a minimal setting for the study of non-trivial topology, robust boundary states and charge fractionalization [26, 27] . The simplicity and richness of this toy-model, which was originally introduced to describe doped polyacetylene, strongly motivated its recent experimental implementation, both in ultracold bosonic gases [28, 29] and photonics [5, 30, 31] . Until now, such experiments operated in the non-interacting regime, where topological properties are thus fully understood at the single-particle level.
In the presence of inter-particle interactions, 1D quantum systems generically show striking manifestations of genuine quantum-mechanical effects [32] , hence ruling out any semiclassical description. In this context, the Tomonaga-Luttinger theory [33, 34] provides accurate predictions for low-energy excitations. The most surprising result emanating from this theory is the well-known phenomenon of spin-charge separation, which reflects the fact that spin and charge excitations can behave independently and move at different speeds. While an experimental demonstration of this effect has been reported [35, 36] , one still lacks a stable platform where spincharge separation can be studied in a clean and systematic manner.
Besides, the out-of-equilibrium dynamics of many-body quantum systems generally exhibit the Lieb-Robinson locality phenomenon, which constrains information to propagate through a system with a finite bounded velocity [37, 38] , hence manifesting in a light-cone signal spreading. Its deep connection to fundamental principles of quantum mechanics [39] [40] [41] , such as thermalization [42, 43] , information propagation in quantum channels [44] , entanglement scaling [41, 45] and correlation decay [40, 46] , strongly motivated the experimental demonstration of this concept in ultracold bosonic gases [47, 48] and trapped ions [49, 50] . Moreover, it has been recently suggested that out-of-equilibrium dynamics can also reveal unique topological signatures [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . The validity of this approach has been experimentally confirmed in systems of ultracold atoms trapped in shaken optical lattices, where dynamical topological phase transitions [61] and non-trivial winding numbers [62] have been measured.
In this work, we reveal an intriguing interplay between topology, spin-charge separation, and correlations spreading, which is shown to appear in interacting 1D fermionic lattices. Motivated by its simplicity and experimental accessibility, we focus our study on the interacting fermionic SSH model, which we analyze both from a static and dynamical perspective. We start by establishing the nature of the boundary modes by means of correlation functions; depending on the sign of the interaction, these modes can be either constituted of one up component on one edge and one down component on the other, or of a holon on an edge and a pair (up-down) on the other. Importantly, both configurations are shown to exhibit entanglement between opposite edges. The latter entanglement property has strong consequences upon quenching the system, locally or globally, as it allows for an instantaneous edge-to-edge correlation signal related to the spin or the particle density. Noticeably, an additional bulk signal, which verifies the traditional Lieb-Robinson bound, is also present in all the considered correlation functions. The results presented below demonstrate how topological systems exhibiting entangled edge states allow for non-trivial correlation spreading in their (quenched) dynamics, and also designates such 1D fermionic systems as accessible platforms to arXiv:1803.06957v2 [cond-mat.quant-gas] 29 May 2018 experimentally detect spin-charge separation.
Model. The fermionic interacting Su-Schrieffer-Heeger (SSH) model is described by the following Hamiltonian,
where J represents the nearest-neighbor tunneling amplitude on the lattice, U is the onsite interaction between two fermions with opposite spin and c † i,σ (c i,σ ) describes the creation (annihilation) of a fermion with spin σ in the i-site of a chain of length L; in the following, we set J = = 1, which sets our energy and time units. The important feature in Eq. (1) is the dimerization of the tunneling amplitudes, through the parameter δJ, which sets the topological properties of the band structure: in the non-interacting case, one finds that δJ > 0 leads to a vanishing Zak phase, which corresponds to a trivial regime, while for δJ < 0, the Zak phase has the value of π and degenerate edge modes are present at zero energy.
The topological properties of the SSH model have also been explored in the presence of finite interactions, both for bosonic [63] and fermionic [6, 7] versions of the model. However, in the fermionic case, it is worth pointing out that topological features were only identified through entanglement properties [6, 7] , which are hardly accessible in experiments.
In the following, we shall focus on the half-filled balanced configuration, i.e. N ↑ = N ↓ = L/2, where a finite U preserves the fully-gapped Peierls dimerization [66] . In this regime, particles form dimers in alternating bonds [67] , which signals a broken inversion symmetry, as captured by finite values of the parity order parameter in both charge and spin sectors [9] . In the present context, the role of the interaction in Eq. (1) is essentially to reduce from 4-fold to 2-fold the degeneracy of the edge-mode manifold associated with the U = 0 configuration, namely
where ∅ denotes a holon, and where right/left refer to the two opposite edges. As illustrated below, this modification of the edge-manifold degeneracy has fundamental consequences both in the static and dynamical properties of the system. In the next paragraph, we first elucidate the nature of the edge modes, for a wide range of interaction strengths, through a correlation-functions study. Static Properties. At finite U , any δJ < 0 preserves the presence of degenerate edge modes [69] . This is confirmed through the behavior of both the entanglement spectrum [1, 19] and the density distribution upon adding a single particle to the system; see [69] for details. In order to fully capture the nature of the edge modes, we performed density-matrixrenormalization-group (DMRG) calculations [71] , which provide the decay of the following correlation functions: where S C j = σ n j,σ − 1 and S S j = n ↑,j − n ↓,j refer to the charge and spin degrees of freedom, respectively. More precisely, C j measures the amount of correlation existing between a holon located at the first site of the lattice (j = 0) and a pair (↑↓) placed at some site j > 0 (and similarly between a pair at j = 0 and a holon at j > 0); while the quantity S j measures the correlations between a spin-up (resp. a spin-down) fermion at j = 0 and a spin-down (resp. a spin-up) fermion at j = L.
As illustrated in Fig. 1(a) -(b), the absolute value of C j and S j shows very different behaviors depending on the sign of U . For repulsive interactions U > 0, both correlations are found to vanish in the bulk, however, |S j | shows a large value at the boundary j = L of the system. Due to the particle-hole symmetry inherent to the model in Eq. (1), an identical behavior occurs for U < 0, in which case it is the correlation function associated with the charge, C j , which exhibits a finite edge-toedge signal, see Fig. 1 (b) . These results allow one to properly capture the nature of the edge modes, but also to characterize the explicit form of the Peierls dimerization, see [69] . Indeed, for U > 0, the behavior of |S j | implies that the edge modes are constituted of one up and one down component on opposite edges [i.e. the states |1, 2 in Eq. (2)]; in contrast, for U < 0, the finite value of |C L | at the edges indicates that the edge modes are formed by a holon and a pair of fermions at opposite edges [i.e. the states |3, 4 in Eq. (2)]. This also allows one to conclude that the alternating bonds appearing in the bulk of the system are formed by dimers composed of two fermions (up and down) for U > 0, while they are formed by a pair and a holon for U < 0; this is also in agreement with energetic considerations. We note that the similar dimerization structure, occurring at U > 0, is found in an extended Hubbard model [8] . Moreover, the additional information encoded in Figs. 1(c)-(d) indicates that the localization strength of the edge modes both depends on the interaction strength U (which affects the wave-function overlaps), and on the parameter δJ.
It is worth emphasizing that for the non-interacting case, U = 0, both |C L | and |S L | have the exact same value [ Fig. 1  (c) ]. This latter result is in agreement with the aforementioned 4-fold degeneracy of the edge modes [Eq. (2)]. One should note that, in practice, this result would correspond to an average over a series of measurements, since monitoring a single edge state could lead to a finite edge contribution to the spin or charge correlation functions. As explained above, a finite interaction U = 0 then reduces the system's degeneracy and, depending on its sign, selects the two lowest-energy states [|1, 2 or |3, 4 in Eq. (2)], thus giving rise to the distinct edge-to-edge behaviors of the correlations [ Fig. 1(a)-(b) ].
Moreover, the result in Fig. 1(d) suggests that special attention should be paid to the case δJ = −J, where |S L | = 1. In this peculiar configuration of the dimerization strength, the two edge modes are found to be totally disconnected from the rest of the system, which leads to a vanishing of the correlation length associated with S j , hence giving rise to the special value |S L | = 1.
As a final remark on static properties, we verified that the long-distance entanglement that exists between the two opposite edges of the system is truly a feature of the boundaries, as it is found to be absent in the bulk; this is in direct analogy with the behavior previously discovered in the context of a dimerized Heisenberg chain [73] . Here, we confirmed the absence of bulk-bulk or bulk-edge correlations by observing the trivial character of the correlation functions S for l = 0; we also verified that the finite edge-toedge correlations are size independent [ Fig. 1(d) ]. This striking edge-to-edge entanglement could be revealed dynamically in experiments, upon subjecting the system to a quench, as we now discuss in the next paragraph.
Dynamical Properties. In systems with short-ranged couplings, both local and global perturbations reflect in a lightcone spreading of the correlation functions set by the LiebRobinson bound [37-41, 47, 48] . While quenched dynamics of topological systems exhibiting degenerate edge modes has been previously studied, in particular to highlight the fragility of topological properties [53, 54] , the role of entangled edge modes in the spreading of correlations remains an unexplored topic. In order to capture and describe such a phenomenon, we exploit a time-dependent-density-matrix-renormalizationgroup (t-DMRG) method [74] to study the time-evolution of the equal-time correlation functions in Eq. (3), C j (t) and S j (t), upon subjecting the system to a quench. As a first protocol, we determine the Hamiltonian's ground state, for given U and δJ, and we then let the system evolve after applying a local chemical potential hS S 0 = h(n ↑,0 − n ↓,0 ) at the left boundary [75] . Fig. 2 shows the time-renormalized behavior of C j (t) and S j (t) for different values of j, in the case where U > 0. As clearly visible on the left column, a well defined light-conetype propagation occurs in the spreading of C j ; this behavior is visible in the evolution of min[C j (t)] as one considers increasing values of j. Due to numerical limitations, this lightcone behavior is shown up to distances of j = 10 lattice sites (the simulation time being too short to detect the light-cone signal reaching j = L). A drastically different behavior is found in the spin correlations S j (t), which captures the effect of the edge modes when U > 0 [see previous paragraph]. Indeed, in addition to a clear light-cone propagation, a strong edge-to-edge signal is detected in S L (t) at short time t [see last panel of Fig. 2 ]. Based on our knowledge of the system's static properties, we attribute this quasi-instantaneous correlation spreading between the first and last lattice sites to the entanglement characterizing the spin-up and spin-down states that are localized at the system's boundaries. Besides, the fact that spin and charge excitations propagate with very different velocities, from one edge to the other, constitutes a clear signature of spin-charge separation, i.e. a genuine peculiarity of 1D fermionic quantum systems.
Intuitively, the fact that the instantaneous edge-to-edge signal propagation occurs in the spin correlation function S j (t) is due to the edge modes being constituted of fermions with antiparallel spins for repulsive interactions (U > 0). Due to the particle-hole symmetry inherent to the SSH model, a similar behavior can be observed for charge excitations when considering the case of attractive interactions (U < 0): indeed, in that case, a quasi-instantaneous edge-to-edge response is observed in the C L (t) signal.
It should be noted that the non-interacting case (U = 0) also displays quasi-instantaneous edge-to-edge correlation signal, however, due to the 4-fold degeneracy of the edge manifold, such a behavior is equally found in both correlation functions, C j and S j . In this sense, the spin-charge separation identified above cannot be observed in the non-interacting regime.
It is also worth to underline that the edge-to-edge correlation spreading does not occur in the pathological case where δJ = −J, which is due to the vanishing correlation length of the edge states preventing any fluctuations in correlations.
In order to verify that the quasi-instantaneous correlation signal is not an artifact attributed to the locality of the quench, we also analyze the correlation spreading that occurs upon subjecting the system to a global quench (i.e. when the time-evolution is triggered by a sudden variation of a parameter defined in all lattice sites). One should note that this modification indeed generates a global deformation of the dispersion relation, whose shape is responsible for the strength of the propagation velocity [76] . In the present SSH Hamiltonian, we propose to abruptly change the interaction strength from a certain initial value U i to a final value U f = U i ; we note that a similar procedure can be obtained by varying δJ. The result of this global quench is presented in Fig. 3 , which shows strikingly similar behavior as the one presented in Fig. 2 for the local quench: a quasi-instantaneous edge-to-edge signal in S j only, while both correlations show light-cone-like correlation spreading in the bulk. We note that the edge-to-edge signal can be attributed to the fact that the interaction parameter U affects the spatial localization of the edge states [ Fig. 1(c) ]: a sudden variation in U induces fluctuations at the edges, which due to the edge-to-edge entanglement, produces the quasi-instantaneous signal in S j . This analysis implies that the non-trivial edge-to-edge signal is indeed an effect solely induced by the long-ranged correlations, i.e. the entanglement, existing between the two (spatially-separated) edge states.
Discussion. This work studied the intriguing dynamical properties that emerge from the topological nature of the interacting fermionic Su-Schrieffer-Heeger model. We showed how a careful study of the correlation functions, which can be obtained through quasi-exact numerical methods, can reveal the nature of both the edge modes and that of the bulk dimerization, which characterize the interacting SSH model. Interestingly, we also revealed [69] that the latter model features an exotic type of Peierls dimerization, where the spin gap dominates over the charge gap; this is in contrast with the usual dimerization associated with the extended Hubbard model [8] .
Importantly, we illustrated how the existence of longdistance entanglement, which stems from the topological nature of the system, could lead to strong consequences in the spreading of correlations upon a quench, including the possibility of observing an instantaneous edge-to-edge correlation signal. In particular, this suggests that the latter could be used as an experimental probe for entangled topological edge modes in cold-atom setups.
Furthermore, the spin-charge separation associated with edge-to-edge signals suggests that experimental realizations of the SSH [28, 29] could offer a natural platform to study this genuine 1D effect in the laboratory. In particular, we point out that all the ingredients needed to explore these results experimentally are currently available in ultracold-atom setups; this includes methods to engineer the SSH model using optical superlattices [28, 29] , the possibility of tuning inter-particle interactions in mixtures of ultracold fermions [77] [78] [79] [80] [81] , as well as methods to probe both spin [82, 83] and charge [84] correlation functions.
We point out that while a box-like trapping potential [85] would facilitate the detection, properties associated with edge modes and light-cone propagation have been shown to be stable in the presence of the more standard harmonic confinement [47, 86] .
Finally, we anticipate that similar results could be obtained or generalized in other types of interacting topological systems with entangled edge modes, which opens intriguing perspective and motivates the search for novel realistic models with similar topological features.
Topological order in the presence of interaction. As shown in the main text, the presence of entangled degenerate edge modes is captured by the behavior of the correlation functions for the charge and spin degrees of freedom. In order to enforce our results, we hereby give further evidence for the existence of topological properties in the interacting SSH model, by analyzing other observables. For instance, a relevant signature associated with the existence of edge modes is provided by the even degeneracy in the lowest eigenvalues of the reduced density matrix [1] [2] [3] [4] [5] , usually called entanglement spectrum (ES). In particular let us define:
where A denotes a system bipartition and where ρ N n describes a pure state of N particles with the corresponding eigenvalues λ N n (i.e. the ES). By means of DMRG calculations, we confirm that the even degeneracy of the ES is present for δJ < 0, whereas it disappears once δJ becomes positive; see Fig. 4 . We point out that the value of the degeneracy depends on the choice of boundary conditions (here we consid- ered open boundary conditions with hard walls), however, this value should remain even within the non-trivial topological regime [7] . Furthermore, the ES also signals certain symmetries of the Hamiltonian. Indeed, as clearly visible in Fig. 4 , the ES has exactly the same values under the transformation U ↔ −U . This latter property reflects the particle-hole symmetry inherent to the interacting SSH fermionic model; we note that this symmetry is absent in its bosonic counterpart.
In order to check the robustness of zero energy edge modes in the presence of finite interaction, an additional signature is given by the following quantity:
where n (N ) i is the occupation number at lattice site i in a system with N particles; the observable ∆n i describes how an added particle distributes itself in the system under scrutiny. As clearly visible in Fig. 5 , our DMRG simulations shows that the extra particle always accumulates in the system edges, whenever δJ < 0; in particular, this is observed for both repulsive and attractive interactions. This last result can be attributed to the fact that degenerate zero energy edge modes are present in a topological phase, and thus, that the extra particle is free to occupy the more external sites, with a zero energy cost. On the other hand, a positive δJ forces the extra particle to distribute itself in the center of the bulk of the lattice; here the extra fermion always has to pay a finite energy, which is minimized at the center of system where the kinetic energy can be maximized.
It is also interesting to notice that the behavior of both observables [Eqs. (4) and (5)] remains unchanged in the noninteracting limit U = 0. Indeed, as we show in the main text, the effect of the interaction consists in reducing the groundstate degeneracy (from 4 to 2), which is then reflected in a peculiar spin and charge separation captured by the correlation functions analyzed in the main text. Peierles dimerization. Peierles dimerization (PD), also called bond-ordering wave, is a quantum regime where particles form bonds in alternating sites, hence reflecting a spontaneous reflection-symmetry breaking. In the SSH model, this phase takes place for any value of δJ: however, while dimerization appears in all lattice sites for δJ > 0, this effect only occurs in the bulk for δJ < 0. In the context of 1D fermionic systems, bosonization predicts the presence of PD in the extended Hubbard model [8] . It has also been shown [9] that the order parameters for such a phase are the parity operators defined in the charge and spin sectors,
where S C l = (n l − 1) and S S l = (n ↑,l − n ↓,l ), as introduced in the main text. A finite value of both observables [Eqs. (6) ) and (7)] signals a regime where both charge and spin gaps are present, which is a peculiar feature of PD in fermionic systems. As in the case of the extended Hubbard model (EHM), O C p > O S p indicates that the charge gap dominates over the spin gap; this implies that the bonds in the system are formed by two fermions with opposite spins. Due to the absence of particle-hole symmetry, the EHM does not support the opposite scenario, namely, O Conclusions. In this supplemental material we enforced our results regarding the persistence of a topological order in the Su-Schrieffer-Heeger model for finite interaction. Moreover we precisely characterized the Peierles dimerization occurring in the aforementioned model in different interacting regimes. This last point has allowed us to reveal two nontrivial types of dimerization (for attractive and vanishing interactions) which are not present in the extended Hubbard model.
